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Abstract. Starting from the known Lieb and Wa solution of the one-dimensional Hubbard
model in the U — co limit, we show how the spin—charge decoupling of the elementary
excilations is responsible for several peculiar features in one-particle properties, such as
momentum distribution, quasiparticle weight and the Green function. In particular we
analyse in detail the structure of the one-hole Green function at half-filling, which has not
been previously caleulated by field theory methods due to the breakdown of conformal
invaniance. A rich structure is found with branch cut singularities at w = +£2sin k but
no simple poles. The non-trivial dependence on the momentum of the hole allows for
hole propagation although the analytic structure of G/(k,w) is quite different from that
usually characterizing band insulators. These results provide a precise characterization
of one-dimensional Mot insulators. The relationship between the branch cuts of the
Green function and the finite-size scaling of the quasiparticle weight is also discussed
together with its implications for the analysis of numerical data.

1. Introduction

The recent discovery of high T superconductors has renewed interest in Mott insula-
tors, suggesting that the basic physics of hoie dynamics in a quantum antiferromagnet
is still awaiting a completely satisfactory theoretical understanding. The half-filled
Hubbard model is probably the simplest realization of a Mott insulator, and, as a
first step, it is natural to investigate the dynamical properties of a single hole in this
model. The results might help the interpretation of photoemission experiments in real
antiferromagnets and would give physical insight about the effects of doping in these
materials. This problem has been a subject of study since the pioneering work of
Brinkman and Rice [1] (BR) who argued that the hole mction is strongly inhibited by
the frustrating effect of hopping on the antiferromagnetic ordering. Their treatment
is exact in one dimension when quantum fluctuations on spin dynamics are neglected
and leads to the inhibition of hole motion, but no convincing estimate on the effects
of fluctuations has yet been given, even in one dimension. This is probably due to the
fact that fluctuation corrections in one dimension are non-perturbative and standard
diagrammatic techniques fail.

The usual one-body descripticn of the dynamical properties of a hole can be
applied to the single band Hubbard model at half-filling, provided that antiferromag-
netic correlations are schematically taken into account by the creation of two effective
‘Hubbard bands’. In this case, the Mott insulator becomes a conventional insulator
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where the electron density is such to fill completely the lower band, the upper be-
ing empty. When an extra particle is injected in the system (hole or an electron)
it propagates like a free particle with an effective mass related to the curvature of
the bands. The frst-principles justification of such a picture is, however, an open
problem, particularly at low dimensions where much more sophisticated theoretical
approaches are required. In two dimensions the problem has been attacked in the
strong coupling limit of the Hubbard model (the i-J model) [2-4], where diagram-
matic self-consistent approaches and the spin-wave approximation indicate that, for
finite J, the hole propagates similarly to the conventional case. The situation is more
interesting for J == 0 (i.e. U — o0), where in the BR picture, and in the retraceable
path approximation, the motion of a hole is entirely incoherent due the divergences
of the one-particle density of states. Such a calculation also shows that in a classical
antiferromagnetic state (Néei state) there is no dispersion for single hole excitations
and therefore the hole is strictly localized in any dimension. Numerical works [5]
have qualitatively confirmed this picture although a precise quantitative comparison
has not been attempted and the delicate question of marginal behaviour for the hole
propagation has not yet been clarified.

Due to the difficulties of these problems, it is useful to investigate this issue ac-
curately in one dimension where it is known that at finite density of holes the system
is characterized by non-conventional properties [6-14]. Exact results at finite doping
have been obtained by a variety of techniques, ranging from renormalization group
approaches, asymptotic expansion of the Licb and Wu wavefunction and field theory
methods. In particular, the latter route proved very fruitful, leading to the deter-
mination of critical exponents in the whole phase diagram of the model. However,
both renormalization group and mapping to a field theory become singular precisely
at half-filling due to the presence of a gap in the charge excitation spectrum. This
prevents a direct use of these powerful methods for the characterization of hole dy-
namics in quantum antiferromagnets. The recently deveioped formalism [9-11] for
the calculation of physical properties in the I/ — oc Hubbard model instead appears
to be the appropriate tool for investigating the dynamics of a single hole in Mott
insulators.

In this paper, we present results concerning several one-particle properties of the
U — oo Hubbard model. In particular, the analytical structure of the momentum
distribution at finite doping is discussed: known results, like the non-Fermi liquid
nature of the system or the critical exponent of the leading sinpularity, are derived
together with less settled features, like the presence of a sub-leading 3kp singularity.
Moreover the results on the momentum distributions are related to the vanishing of
the quasiparticle weight in the thermodynamic limit and the form of the finite-size
scaling of the quasiparticle weight js explicitly found. The holon contribution coming
from the charge degrees of freedom and the spinon term, coming from spin dynamics,
are identified and their dependence on the doping is discussed.

Most of the paper is, however, devoted to the study of the dynamics of one hole
in the one-dimensional Hubbard model. Using some of the previously obtained re-
sults, we are able to derive an analytic expression for the one-particle Green function
G(k,w) at half-filling. All the divergences of its imaginary part as a function of
momentum and frequency are exactly located in the (k,w) plane. Numerical diago-
nalization in small rings is also used to show the form of the Green function far from
the branch cuts and an analytical fit of G(k,w) in the thermodynamic limit is given.

The resulting hole dynamics turns out to be strongly dependent on the choice of
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the spin configuration of the half-filled Hubbard model. In fact, in one dimension
and exactly at U = oo [15] all spin configurations are degenerate: If a classical, non-
fluctuating Néel state is chosen, we recover the well known BR results characterized
by the absence of hole propagation. However in the I/ — oo limit the spin degeneracy
is lifted and the ground state of the Heisenberg model is singled out. This state is
characterized by strong quantum fluctuations and no long-range order. In this case
the calculation of the Green function shows that the hole can propagate in such
a spin background, although the scattering with spin excitations (spinons) leads to
the suppression of the poles in the Green function which are replaced by weaker
singularities (branch cuts). The physical origin of this behaviour is identified in the
anomalous classification of the clementary excitations for the half-filled Hubbard
model. In particuiar, the spin—charge decoupling turns out to be the basic feature
allowing this kind of hole propagation.

2. The exact wavefunction in the U — oo limit

The one-dimensional Hubbard model is defined by the well known Hamiltonian:

H=-S(cl ey +he) + U nlnl. @.1)

i o i

Lieb and Wu {16] have given a formally exact solution for the spectrum and eigenstates
of the Hubbard model at any filling and, in principle, this allows the calculation of all
physically interesting quantities. However this Bethe ansatz solution is unmanageable
except in the U — oo limit where the analytic structure simplifies and some correlation
functions can be explicitly calculated. In this limit several authors have shown that
all the eigenstates can be written in the following ‘product’ form:

V(. oan Y ) = Wsp(ey oy )0y - - yar) 2.2)

where x, ...z, are the spatial coordinates of the N electrons on a L-site ring,
and the y, ...y,, ‘coordinates’ label the positions of the spin-up electrons on the
squeezed Heisenberg ring [9], i.e. on the ring whose sites are just the cccupied sites
of the Hubbard chain. g is a spinless fermion state to be specified later and
¢y is an cigenstate of an N-site Heisenberg Hamiltonian with periodic boundary
conditions. Although an exhaustive discussion of the structure of this wavefunction
has been given in [9), here it is useful to stress that the product form of equation (2.2)
should not be interpreted as a trivial decoupling between charge and spin. In fact,
the mapping between the real chain (characterized by the x; coordinates) and the
squeezed chain (of coordinates y;) depends on the charge configuration, that is on the
set {x;} which specifies the position of the electrons. A noticeable exception is the
haif-filied Hubbard model (¥ = L) where only one charge configuration is allowed
in the U — oo limit, and the spinless fermion part of the wavefunction becomes
trivial. The actual analytical evaluation of physical correlation functions with such
a wavefunction is a difficult task involving the separate calculation of many-particle
correlation functions of the spinless fermion gas and of the Heisenberg model, as will
be shown later.

As usual, we choose an even total number of particles N = 4n 42, where n is an
integer and the number of spin-up electrons equals the number of spin-down ones.
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In this case the ground state is a non-degenerate singlet of zero momentum. In the
following, our main concern will be on single particle properties and therefore the
precise structure of the ground-state wavefunction of N and N — 1 electrons will be
used. In particular the charge parts of both PN and ¥N-! are Slater determinants
of plane waves, but they correspond to different choices of the allowed momenta.
More precisely, the N-particle state is characterized by the wavevectors

g=2G D) @3)

with j ranging in the interval [-2n — 1,2n] while the N — 1 particle state has

27 n
kj = T (J + 4n 4 1) @4

and now j belongs to [~2n,2n].

The energy of such a state is related only to the occupied spinless fermion levels
and does not depend on the spin part of the wavefunction. This property holds
at U = oo and just in one dimension where the Hamiltonian conserves the spin
ordering. In this case, the explicit expression of the energy in terms of the previously
defined momenta coincides with that of a free fermi pas:

E({k;}) = ——2Zcoskj 2.5)
M

where the sum runs over the N occopied levels. Of course, the ground state corre-
sponds to the lowest set of &; compatible with the Pauli principle. Following [9], we
also notice that the wavefunction (2.2) includes the first correction (of order 1/U)
to the energy levels if the spin wavefunctions are chosen as elgenfunctlons of the
Heisenberg chain.

3. Momentum distribution at finite doping

As a first application to the previous formulae, iet us evaluate the one-particle density
matrix p(r) of the L-site U — oo Hubbard chain at arbitrary filling p = N/ L:

p(r) = (cl o) 3.

The formal expression has been given by Ogata and Shiba [9] and is a direct con-
sequence of the factorized form of the wavefunction (2.2): we notice that the anni-
hilation of a real spin-up electron at the site 0 corresponds to the annihilation of a
holon (i.e. a spinless fermion in equation (2.2)) at site 0 and to the removal of a
spin-up in the spin wavefunction at the 'site’ j, = 0 of the squeezed chain. Notice
that, after this operation, the number of sites of the squeezed chain changes from
N to N — 1. Analogously, the creation of a spin-up electron at site r is split into
two distinct operations: the creation of a holon at the same site in the physical chain
and the creation of a spin up between the sites 7 and j -+ 1 of the squeezed chain
which now recovers the original N sites. Here j is the number of electrons within
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the interval (0,r) in the particular configuration we are considering. Therefore, in
order to calculate the momentum distribution, we have to take the following steps.
(i) Select all configurations with a fixed number (say ) of electrons in the interval
(0, 7).
(ii) Then proceed to the evaluation of the density matrix of the spinless fermion
state in this subspace:

H,.(5) = (¥splct6( N, — 5)eq|sp)- (3.2)

Here N, = ¥";_, n;, the number operator in the interval [0, r].

(iii) Move the spin-up (which must be present at the origin of the squeezed
Heisenberg ring) to the jth site without introducing any phase factor. The latter step
gives the contribution [9]

Q) = H{ul(25; - S5;_1 + 4) ... (28, - 5o + 3)|du) (3-3)

where we have used the fact that (28; -8, | + 3) is the operator which permutes
the spin at site ¢ with that at site ¢ — 1. Therefore, each subspace of fixed j gives
an independent contribution to the density mairix of the Hubbard chain whose final
expression is obtained by summing the terms corresponding to all possible subspaces
labelled by j:

p(r) = Q(J) H,(j). 34)

i=0

In the following we will not carry out a rigorous evaluation of the two functions
H_(7) and Q(7) but, instead, we will just sketch the calculation of the long-distance
behaviour of the charge part H_(7), which can be done in a straightforward (although
lengthy) way. An analogous wearment of the spin term £2(7) is much more difficult
because it involves the evaluation of the many-particle correiation function (3.3) on a
strongly correlated state, In fact, the interesting choice of ¢} obviously corresponds
to the ground state of the Heisenberg model which is given by the quite involved
Bethe ansatz wavefunction. Exact results can be easily obtained only for small values
of j. In fact, besides the obvious result £2(0) = 1, the exact value at j = 1 ¢an also
be obtained starting from the knowledge of the ground state energy of the Heisenberg
model:

Q1) = (25,5, + Py =1-2In2. (3.5)

However these results are not of direct interest for the evaluation of the asymptotic
behaviour of the density matrix because we expect that the relevant terms in the sum
(3.4) are around j ~ pr>» 1. In the following we will simply assume that the leading
long-distance form of £2(j) can be written as the product of the rapidly oscillating
part of wavelength A and the overall smooth function A(7):

Q(7) = Re(Aexp(iZrj/M)}h(j} (3.6

where A is an undetermined complex constant. The precise form of A(j) and the
value of A will be found indirectly by showing that there is a unique choice of A and
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Figure 1. Quasiparticle weight Z{Q) (equation (7)) for Heisenberg rings ranging from
6 10 22 sites: symbols, diagonalization resulls; full curve, fit to the dala.

h{3) consistent with the known singularity [7-11] of the momentum distribution near
the Fermi wavevector,

In order to evaluate the long-distance behaviour of the charge part, we notice that
the sign of H,_{j) can be determined performing a Wigner-Jordan transformation on
the free spinless fermion gas. In fact, the positivity of the hard-core boson ground
state, implies that H_(j) = (=) P.(j) where P,(j) is a positive definite function.
Therefore P.{j) can be interpreted as a probability function and the calculation
of p(r) is formally quite similar to that of the spin-spin correlation function [10].
Following the same procedure and using the asymptotic expression (3.6), we end up
with the foliowing large distance form of the density matrix:

p(r) ~ h{pr)Re C (27 /A) (3.7

where p = N/L is the mean density and
r=1 o
C(g) =) e H (). (3.8)
=0

The asymptotic behaviour of equation (3.8) for large distances can be calculated
by taking its continuum limit. As shown in appendix A, the calculation is most
conveniently done in the formalism of Mattis and Lieb [17] with the result:

C.lg)~ {Blei(q—ﬂ)pf,,.—ii-i-(q’l'-!wz’ﬁ—(qfﬂ) + Bgeilq-hr;prr—i_qu"/?vr*HLq/w))}_
(3.9)

This expression, together with (3.7), gives an oscillatory behaviour to the density
matrix at wavevector k = p((27/)) &+ =). In order to reproduce the expected kp =
pr /2 singularity of the momentum distribution, we must have A = 4. The known
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exponent of such a singularity 6 = 1 is also reproduced if the smooth function h(j)
has a power-law decay of the form A(j) ~ j ~1/2, These consistency requirements
allow the indirect evaluation of the spin term $2(j)} which will be crucial for the
understanding of the hole dynamics in section 4. The asymptotic behaviour of the
spin term derived from this calculation is, therefore,

__ Re[Aexp(inj/2)]
j—ca \/5 ]

This expression is consistent with the exact diagonalization results from Ogata and
Shiba [9] on a 26-site Heisenberg ring. Further numerical evidence is shown in
figure 1 where the Fourier transform Z(Q) of £2(7) (see equation (4.21})) is plotted
for Heisenberg rings of several sizes, ranging from 6 to 22 sites. Equation (3.10)
would imply a singularity of Z(Q) at Q = =% /2 of the form:

(5 (3.10)

constant 1

z — 2 3.11
(Q)Qw-:l:r/'-’ FEXYEIRE G5

However, exactly at @ = = /2 instead, Z{Q) has a much slower decay:
Z(Q=+n/2)~ L™V2, (3.12)

A fit to diagonalization data, consistent with equation (3.11), is also shown in figure 1
substantiating the previous asymptotic behavicur (3.10).

Inserting equation (3.10) into equation (3.6) we get the final result for the density
matrix:

p(r) ~ Blr-lfsﬁsi}fﬁ)- + B._,-r-gf’sﬁ’s—(i—k""ﬁ (3.13)
which implies the presence of a subleading 3k, singularity in the momentum distri-
bution with exponent & = £. Such a singularity was first proposed [9] on the basis of
accurate numerical compatations and later justified on theoretical grounds by use of
conformal invariance [12] and diagrammatic methods [13]. The present calculations
shows that the feature at 3k is intimately related to the lcading (i.e. k) singularity
and originates from the same mechanism involving both the structure of the charge
and that of the spin part of the wavefunction.

The decoupling between charge and spin, implicit in equation (2.2} gives infor-
mation about the role of the spin degrees of freedom in the determination of the
singularity in the momentum distribution. Note that every Fourier component of the
charge part C,(g) is characterized by a diffcrent exponent in equation (3.9) which
varies continuously with g. On the other hand, the antiferromagnetic spin ordering
selects the particular wavelength A = 4, picking up only one Fourier component of
this function and leading to the simple power-law behaviour (3.13).

4, One-hole Green function

The dynamical properties of one hole in the U/ — oo Hubbard model are described
by the one-hole (spin-up) Green function;

Glhyw) = (90lc] | (w + Eg— H —i6)7 e 1 [% @.1)
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where % is the non-degenerate ground-state wavefunction (of zero total momentum)

of the undoped system and Ej is its energy. Note that, since the half-filled ground

staie is a singlet, the one-hole Green [unction does not depend on the spin indices.

Therefore we can focus our analysis on the spin-up component of the Green function.
In the following we use the Lehmann representation [18] of Gt

- e r A(kﬁw')
G(k,w)-./'mdw PP 4.2)
where the spectral weight A(k,w) i defined as
1 9
A(k,w) = —Im G(k,w) = 3 _ Kbzl [ wO)*8(w - E,) (4.3)

and |1} is a complete set of eigenfunctions of the U — oo-Hubbard model with one-
hole. Here and in the following, energies arc referred to the half-filled ground-state
energy.

The energy spectrum and the degeneracy of the states at half-filling and in the
case of one-hole immediately follow from equation (2.5): At half-filling (N = L)
and U = oo, the ground state has £; = 0 and is highly degenerate. The charge
part 1qp Of the wavefunction is just a constant while any spin configuration ¢y is
allowed. Brinkman and Rice found the exact one-hole Green function for a particular
choice of ¢y: a Néel spin background, which does not include quantum fluctuations.
However this choice of spin state is not fully satisfactory because the degeneracy of
the Hubbard ground state is lifted as soon as U is finite, the long-range order is
destroyed and spin correlations are described by the ground state of the Heisenberg
chain. In order to understand the role of spin fluctuations in the characterization of
hole dynamics, we will compare two choices for ¢;: Néel and Heisenberg states.

The energy and the wavefunction of the generic one hole eigenstate at U = oo
are slight generalizations of the ground-state results (2.4), (2.5). In particular, in an
L = 4n 4+ 2 ring, the spinless fermion wavefunction is a Slater determinant of plane
wave states characterized by the set of L — 1 wavevectors:

k, =1/L(2mj + Q) (4.4)

where j is an integer belonging to the interval [-(L/2),(L/2 — 1)] and the phase
shift Q is an integer multiple of 2w /(L — 1) and coincides with the total momentum
of the corresponding Heisenberg wavefunction ¢, in equation (2.2). Therefore Q
can be considered as the ‘spinon’ momentum, relative to the hali-filled system. The
total momentum k of the state is rejated to the position of the (unique) ‘hole’ ky, in
the {k;} distribution by

k=Y ki =(Q—n) -k, {4.5)
kJ?“\:h

The latter equation can be interpreted as a momentum conservation rule for the
two elementary excitations. The energy spectrum of one hole is given by E, =
=23 1,2k, cos(k;) which can also be expressed in terms of the holon momentum:

Ey o =2cosk, = =2cos(k - Q). (4.6)
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According to equation (4.6), the energy spectrum only depends on the holon mo-
mentum. This result is valid just precisely at I/ = oo: At finite, large U, a non-zero
superexchange coupling J = 4/U appears and a contribution

&, (Q)=J((7/2)cos Q@+ 2In2) 4.7)

has to be added to equation (4.6) besides a term —JIn 2 cos{2k,) coming from a
three-site interaction. The precise form of this energy shift comes from the expec-
tation value of the Hubbard Hamiltonian {H) at strong coupling on the state (2.2).
Following [9], {H) can be related to the density correlation function of a spinless
fermion gas and to the ground-state energy of the Heisenberg ring of N = L -1
sites, with momentum Q:

(H) = —2cos(ky) + LJI{¢ulSy - §1 ~ ;léud{wspnen, [thsp) + (threesite)  (4.8)

The charge factor in the previous expression can be casily evaluated using the fact
that (Ygp|ngn,|¥gp) = 1 — 2/L. The spin energy per site of an odd chain can be
calculated by solving the Bethe ansatz equations for [arge size [19]

(tulSo- 5, — lou) =—In2+4(w/2L)cos Q + o(1/L)

with —(#x/2) € @ £ (7/2). Analogously the three-site term contribution involves
[9] a different spinless fermion correlation function

('sL’SF[nOcllC:Fl[wSF) = —e*?/L 4 5(1/L).

Collecting all these terms we get the previously mentioned results for the excitation
spectrum at first order in J. It is noticeable that an analogous calculation exact for
J = 2 [19] gives exactly the same Q-dependence for the spinon excitation. In fact
even in this case, as a consequence of spin—charge decoupling the energy tan be
written as a sum of a spin ¢, and a charge ¢, contribution:

Ey o = (k) +€,(Q) 4.9

where ¢, coincides with our perturbative result for J = 2 (the numerical factors in
front of cos @ become identical at this J value). This suggests that our calculation
for the spin excitations has a general validity beyond the perturbative regime.

In order to proceed to the determination of the spectral function A(k,w), the
generic matrix element appearing in equation (4.3) has to be evaluated. Clearly, the
one-hole state 1"} = il - ¢4 must have total momentum &, the state {1 having
zero momentum. By performing a Fourier transform on ¢, ,, we get

(Yh(k)|ey 1 J8%) = VI (I (k) [epmp. [0 (4.10)

where an arbitrary site has been chosen as the origin of the chain. Now we are ready
to exploit the (real space) factorization property of the U — oo limit wavefunction
(equation (2.2)). As usual, the annihilation of a spin-up electron at site x = 0 gives
rise to the annihilation of a holon at the same site and to the remaval of the spin
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at the origin of the corresponding Heisenberg chain. Therefore the real space matrix
element factorizes:

(nb!;‘(k)lcwo,mb") = (wég‘i%:omgﬂdu' 4.11)
The explicit evaluation of the charge part is straightforward and gives:
($leanol¥lrd =1/VL - ' (4.12)

while the calculation of the spin part (o,) is much more complicated due to the
structure of the Bethe ansatz Heisenberg wavefunction. Formally it can be written as

oo = (L —1,~3|S7_0lL, 0y (4.13)

where the state |L,m)y represents an eigenstate of the Heisenberg Hamiltonian
on an L-site ring with total magnetization m. The matrix element (4.13) must be
interpreted as the overlap berween the state of the L-site chain obtained by flipping
the spin-up at the origin, and the state of the L-site chain with a fixed spin-down at
the origin while the spins on the other (L — 1)-sites are distributed according to the
amplitude |L —1,-1).

If this factorization is used for the evaluation of the spectral weight (4.3), we
immediately obtain

Alk,w) =Y Z(Q)é(w ~ Ey o) (4.14)
Q

where the energy levels £, ., are given by equation (4.6) and the quasiparticle weight
Z{Q} is formally given by

Z(Q) = _logl’. (4.15)

The sum in equation (4.15) runs over all the eigenstates | L—1, -1} of the Heisenberg
chain of fixed total momentum Q. In fact, the momentum and frequency arguments
(k,w) in the speciral function fix the holon momentum &, and the phase shift @
via equation (4.6). The fact that the sum (4.15) runs over a large subspace of states
simplifies the calculation aflowing for a formal resummation of (4.15), Using the
completeness of the |L — 1, -1} states in the subspace of (ixed momentum @ and
introducing the projector P5™! onto the subspace of total momentum Q@ of the
(L — 1)-site Heisenberyg ring, equation (4.15) becomes

Z(Q) = (0, LIS!.4Pg ™" 570l L. Oy, (4.16)

The two operators S* and S~ can be easily eliminated by noting that SJ_, commutes
with the projector gperator ’Pé"l and that the Heisenberg ground state is a singleti.

Z(Q) = {0, LIPS |L .0}y (4.17)

 This expression is also valid in the case of a Néel state although it is not a spin singlet.
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By definition, the projector ’Pé'l is related to the translation operator Ti; ,_,y on
an (L — 1)-site ring, which must be interpreted as the original L-site ring without the
site at = = 0.

pL—l _ 1 L_2e-iQJ'TJ'
Q@ T 14 . (L,L-1)"
I=

(4.18)

The explicit expression for the translation operator Tpy ; _y, in terms of spin operators
is

Ty,0-1) = (25,5, +1)...(28,- 5, +1). (4.19)

This form can be further simplified by using the relation between the translation
operators on the (L — 1)-site and L-site rings:

(T(1,L—1))j = T}O,j)(rf(o,[,-:))J (4.20)

and T ;y is just the operator appearing in equation (3.3) as can be easily verified.
Collecting all terms, the quasiparticle weight Z(Q) (4.17) can be writien as

1
1=

- o
T3 (=1) e~ 4). 4.21)

2] =

Z2(Q) =

o

A

The extra factor {~1)/ comes from (4.20) and is a consequence of the finite total
momentum (P = =) of the Heisenberg ground state on a (4n + 2)-site ring. The
function Q(7) in equation (4.21) coincides with the one previously defined (equa-

tion (3.3))
Q(5) = {0, L|Tig j5IL, 0}y (4.22)

whose Jong-range behaviour has been determined in section 3 (equation (3.10)).

It is interesting to compare the two equivalent expressions for Z{Q) we have
obtained: equations (4.15) and (4.21). In particular, the representation (4.15) suggests
a physical interpretation of the oscillations we have previously found jn (7). Such
oscillations can be related to the presence of a spinon pseudo Fermi surface located
at 7 /2. In order to clarify this statement, notice that, from the exact solution of
the Heisenberg chain on a 4n + 1 ring [20], only one eigenfunction of fixed total
momentum ¢ is characterized by real Bethe ansatz pseudo momenta k; as long as
|Q] < = /2. Instead, no real solution is present for |@] > ~ /2. From a physical point
of view, complex solutions are usually thought of representing collective modes not
related to the elementary (i.e. one-particle) excitations of the system. Therefore it is
expected that they are orthogonal (in the thermodynamic limit) to the state obtained
by simply removing an electron, thereby giving no contribution to the quasiparticle
weight Z(@). This would result in the vanishing of Z(Q) outside the interval
[Q| < =/2. This expectation is clearly confirmed by the diagonalization results
of figure 1. These data also show that finite-size effects are not relevant for this
quantity and the only singularity in Z(Q) occurs at Q = =7 /2 in agreement with
our argument. Due to equation (4.21), this singularity of Z(@} at Q = = /2 gives
rise precisely the long-range oscillations in () which have been found in section 3.
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The expression of the spectral weight (4.14) is valid for a finite system. In the
thermodynamic limit, the fine structure of the energy levels is washed out and A{k,w)
is not a collection of Dirac delta functions any more. Mathematically this corresponds
to a coarse graining over the energy levels [18] in a small energy interval around cw:

w4
Alk,w) = lim [% / deot A(k,wr}] (4.23)

which gives

Alk,w) = (L - 12(Q (k. w)) + Z(Q_(k,w))]N(w). (4.24)
Here Q.(k,w) = k+arccos(—w/2) and N(w) coincides with the holon density of
states:

| 1

27 /4 — Wt
The spectral weight A{k,w) can now be expressed, quite generally, in terms of Q(j)
by use of equation (4.21). The real space Green function then follows from the

inverse Fourier transform of equation (4.2). With our choice (4.1) of the path in the
complex w plane, the Green function vanishes for ¢ < 0 while for ¢ > 0 is given by

N(w) = (4.25)

G(r,t) = £Q(r)exp(in(r+ 1)/2)J.(21) (4.26)

where J. is the Bessel function of order r. Again, the frequency dependence of
G(r,w) is explicitly given by the Fourier wransform of (4.26) independent of (7).
For every © 2 0 the result is

exp(irarccos(w/2))

i
G(r,w) = 50(r) T (4.27)
for w? < 4, and
G(r,w) = %(sgm..,w)’”'“Q('r)(w2 - 4)""2 [% + (%)'-’ -1 i (4.28)

for w? > 4.

Up to this point, we have not used any specific property of the Heisenberg
ground state whose structure only enters the Green function through the function
$2(j). Therefore, equations (4.26)-(4.28) are valid for a wide class of spin states
provided the appropriate function 2(7) (3.3) is used. For instance, in the case of the
Néel state €2(j) can be easily computed:

Q) =6,  (Néel). (4.29)

This result, when substituted into equation (4.27), gives rise to the well known BR
expression:

Glkyw)=1/2vw?—4. 7 T T T (4.30)

This form of the Green function has several peculiar features:
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Figure 2. Spectral weight in the thermodynamic limit as a function of w for different
momenta k.

(i) It is completely incoherent with edge singularities at w = £2,
(i) It is independent of & showing that the hopping of the hole is inhibited by
the (rigid) antiferromagnetic order.

However it is not clear whether these results are modified by quantum fluctuations
in the spin background or, in other words, by scattering with spin excitations.

In the case of the Heisenberg ground state, the knowledge of Q(0) (2(0) = 1)
allows the calculations of the on-site real-space Green function (density of states)
which coincides with the general result of BR:

Gle=0,w) = w? -4 (4.31)

ba[—

while Q(1) (equation (3.5)) gives an exact expression for the Green function at
nearest neighbours. For large distances, the asymptotic result (3.10) can instead be
used in equations (4.26)~(4.28). More interestingly, equation (3.11) implies that the
quasiparticle weight Z(Q) always vanishes in the thermodynamic limit preventing
the formation of a quasiparticle peak (i.e. a pole) in the hole Green function. This
has to be contrasted with the conventional picture of a band insulator which is
shown to be violated by the one-dimensional Hubbard model at half-filling. However,
the divergence of Z(Q) at @ = £x/2 (equation (3.11)) gives rise to branch cut
singularities in the Green function at

w{k} = %2sin k. (4.32)
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Around this line of singularities, the spectral weight behaves as

Ak, w) ~ Jw — w(k)|71/? (4.33)
except at k = kp = £ /2 where

Alk = +7/2,w) ~ (2 — |w])~¥/* (4.34)

while the general structure of the spectral weight for the low-lying excitations (k ~
+ 7 /2w ~ —2) has the unusual scaling form

A(k,w) ~ [l £ 7/20(2 4 w) + (2 + w)¥? 712, (4.35)

A plot of the spectral weight for selected values of the momentum k is presented
in figure 2 where a fit to the numerical data of Z(Q) in small clusters has been
used. More precisely, we have considered a simple analytical representation for the
thermodynamic limit of ( L—1)Z( Q) consistent with the asymptotic behaviour (3.11):

{ 4+B/\/cosQ for |Ql < n/2
for [Q > = /2
where the parameters A = —0.393 and B = 0.835 have becn analytically deter-
mined via equation (4.21) by use of the exact results {0} =1 and (1) =1~21n2
(equation (3.5)). As can be seen in figure 1 this approximate analytical representation
accurately reproduces the exact value of the quasiparticle weight in smail rings. There-
fore equation (4.36) can be usefully applied to the cvaluation of the thermodynamic
limit of the spectral weight through equation (4.24).
We conclude this section with few remarks on the results previously obtained:

(L-1)2(Q) = (4.36)

(i) The physical origin of the rich structure of the spectral weight shown in figure 2
can be attributed to the presence of a ‘pseudo Fermi surface’ for spin excitations, In
particular, the bandwidth depends on & due to the vanishing of Z(Q) for [Q] > = /2
which is the signature of the fermion character of spinons.

(ii) The finite-size scaling of the quasiparticle weight at the branch cut is charac-
terized by the exponent { (3.12) which gives a much larger weight compared with the
generic point (k,w) where Z ~ 1/L (3.11). It is interesting that the finite-size expo-
nent (1/2) of Z at the branch cut coincides with that of the spectral weight A(k,w)
close to the branch cut, showing that the frequency departure from the line of singu-
larities scales as 1/.L. Notice that the strongest singularity occurs at k = kp = n/2.
This particular value of the momentum is singled out by the oscillations in Q(j)
which refiect the scattering of spinons in a Heisenberg antiferromagnet. This may be
considered as the last reminiscence of the Luttinger theorem in this system.

(iii) We have performed a perturbative calculation including a small superexchange
J in the one-hole energy spectrum (see equation (4.7)). Although our results strictly
refer to the U — oo limit, the analytic structure of the Green function persists at finite
{(small) J with relevant changes only at the Fcrmi momentum. The main qualitative
difference introduced by a finite superexchange is the presence of a linear term in
the energy spectrum E, o corresponding t0 & = kp and @ ~ 7 /2. As a result,
the (k-dependent) one-particle density of states |(d B, ,/dQ)|™! is always finite in
the (k,w) plane, the band edge singularity (4.25) bemg cut off at an energy ~ 1/J.
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Following the same procedure as before, the resulting one-hole Green function is
slightly modified for k& # Lkyp. In particular, the locations of the branch cut and
band edges are shifted by terms of order J and all singularities previously discussed
are now of the form |w — w(k)[~*/2. Contrary to the J = 0 case, the exponent of
the singularity remains the same at band edges (k = %kp). However the prefactor
of this singularity changes abruptly with & from O(1) to O(1/J).

Although the exact exponents of this singularity differ from those found by the
available approximate theories, the basic physics is reproduced by a few approximate
treatments and, in particuiar, the general property of vanishing quasiparticle weight
in one-dimensional Mott insulators has also been derived in [1, 2). However it is
remarkable that a small superexchange J leads to a ‘smoothing’ of the &y singuiarity,
that in our approach comes from the linear spin-wave excitations and the spin—charge
decoupling.

5. Quasiparticle weight at finite doping

Further information on the dynamical properties of the one-hole excitations at finite
doping can be obtained by examining the size scaling of the quasiparticle weight £
at the bottom of the band and &k = ky. This programme has been carried out at
half-filling in section 4 where the result Z o L~/? has been obtained.

At finite density this calculation is involved and has been attempted by several
authors . In the following we perform the evaluation of Z for /V electrons in a L-site
ring in the U — co limit. At density p = N/ L, the Fermi momentum is kp = «/2p
and the energy of the lowest charge excitation i

E, = 2cos(2kp). (5.1

Analogousiy to what has been done in section 4 (see equation (4.11)), the quasiparticle
weight can be factorized to a spin and a charge part:

Z(kg, Ey) = L0, N|SLo )17 35220l N> Qul (W55 Lol wdp) . ©-2)
The first term is identical to the one we have evaluated at half-filling and scales as

N—1/% independently of lattice size. The calculation of the charge part is straightfor-
ward but lengthy and is sketched in appendix B. The fina) result is, at low density,

,  A? ,
Koy egl¥dp)* = 5= N¥/*(T () (5.3)

with 4 = 0.9039, which gives
Z(kp, E,) ~ N71/3, (5.4)

This result has to be contrasted with the quasiparticle weight of the single hole which
vanishes much faster. The change in the exponent is due to the charge part which
behaves very differently at half-filling and at finite density. In fact, at p = 1 the
charge degrees of freedom are frozen, leading to a suppression of the charge matrix
element.
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6. Conclusions

In this work, an explicit expression for the one-hole Green function of the one-
dimensional Hubbard model at ¥ — oo has been obtained. Our result reveals a rich
structure in the (k,w) plane: The absence of a quasiparticle peak has been confirmed
by this calculation which also showed the presence of branch cuts at w = +2sink
besides the well known band edge singularities predicted by BR.

From the lknowledge of the Green function, we can characterize the dynamical
properties of one hole in a quantum antiferromagnet. Quantum fluctuations in the
spin degrees of freedom allow the propagation of the hole contrary to the case of
a Néel background where the hole cannot propagate. This effect can be interpreted
as a consequence of spinon scattering. However, this kind of hole motion is quite
different from a free propagation due to the power-law behaviour of the hole Green
function which results from the present calculation. Therefore the one-dimensional
quantum antiferromagnet is not a conventional insulator but shows peculiar features
which might be generic for Mott insulators. Most of the anomalous properties we
have found, derive from the occurrence of spin—charge decoupling (4.5) (4.9) which,
in principle, can be generalized in more than one dimension.

Although our calculation strictly refers to the U — oo limit, the analytic structure
of the Green function persists at finite (small) J with only minor changes at least for
k # kg. It is surprising that a finite superexchange coupling leads to the weakening
of the strong band edge singularity at & = =Lkp present for J = 0. This is due
both to the occurrence of spin—charge decoupling and to the linear dispersion of the
spin-wave excitations. ‘

We have also calculated the quasiparticle weight Z for one hole in the half-filled
Hubbard model and at finite doping. In both cases Z approaches zero as a power law
when the size of the system is increased. The corresponding exponents coincide with
those characterizing the singularities of the Green function away from the band edges.
We believe that this is a general feature of the Green [unction in any dimension: if
Z saturates to a constant value we would have cither a conventional band insulator
or a Fermi liquid, while a vanishing Z for the lowest excitation is the signature of a
non-Fermi liquid behaviour. This property can be useful for numerical investigations
of the nature of the quasiparticle excitations in strongly correlated electron systems.

Recent numerical computations of the Green function [23] of the t-J model
on finite systems have been unable to detect the branch cut feature we have ob-
tained from the Bethe ansatz solution of the Hubbard model. This is probably due
to the smallness of the clusters which have been considercd. However, a peak at
approximately w = 2sin & seems to be present in the published data.

The problem we have solved (i.e. the evaluation of the Green function in a
Mott insulator) is also important from an experimental point of view because the
spectral function is directly related to photocmission cxperiments and it is clearly
useful to know the predictions of a simple theoretical model on quantities of direct
experimental interest. Besides, this is, to our knowledge, one of the first examples of
fully microscopic calculations of the Green function for a non-trivial insulator.
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Appendix A

In this appendix the quantity

C.(q)= (1-’)SF|CIeiq 320 M eg ) (Al

is evaluated in the asymptotic limit r 3 1.

As is well known [17] the large-distance behaviour of correlation functions of a
spinless fermion ground state comes from the outmost electrons of g with mo-
mentum close to k. For a free spinless fermion state, the full Slater determinant

Ysp = Iikigre CIIO) can be simplified by linearizing the band around +kg. This
gives rise to the two branches :

‘d)I_‘k = CE fOI’ k lad kF
wlo=c  fork~ -k (A2)

gy I8 the product of one-particle states in the two branches:

Ysp = Wy sF * %L’_,sp* (A3)
with
Yese= ] cllo). (Ad)
ketkp

r-—1

Moreover the density operator N, = 37", n; appearing in (Al) splits up into the
sum:

Ne=ro+ 73 L(D)ey () + o_(p)] (49)

p#0

where p = N/L is the total density and p,(p) are density operators in the two
different branches:

ps(Py= S0l s (A6)
k

and f.(p) =(1-e"""")/(1 —e™'?). In the expression (A3) we have neglected less
singular contribution (p ~ 2k;) and all the sums should be restricted to the regions
determined by (A2). However the wavevector components f(ar from the important
regions k ~ xkp do not affect the correlation functions at large distance. In this way
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the momentum restriction in (A6) can be neglected and, in this case [17], the charge
density fluctuations satisfy boson-like commutation relations:

pL 1/2
p4(p) = (5?) bl forp >0
—pL 1/2
p_(p)= ( £ ) bl forp<o (A7)

where bT are the usual boson creation operators: [b,, b J=6, 0
Due to the factorization properties of the wavel‘unctmn g (A3) and using the
asymptotic expression for N, (AS), C,(g¢) can be written in the following way:

Cp(q) =" {G (r)H_(r) + G_(r)H (7))} (A8)
where

Go(r) = (Py sple'?/ L Tma SRy, o) (A9)
and

Halr) = (b splwl @9/ F Erafelplos®ly, o1, o) (AL0)

G (r) can be easily evaluated by employing normal order in the right-hand side
of equation (A9), i.e. using the commutation rules in (A7) and noting that

pi(—p)lv, sp) =0 and p-(P)Y_sp) =0 for p > 0. (All)

In this way we get

Gu{m) = —9—2-2 ! p F ) f{-p) constant r—9°/47° Al2
+ = exp 9 s L r p) P - n * ( )

We note that the latter asymptotic result for Gi(r) is in agreement with the exact
result for ¢ = =, when G, (r) becomes a Hilbert determinant [10].

The evaluation of H,(+) is more involved but almost identical to the calcula-
tion [17] of the density matrix by Mattis and Lieb. After normal ordering of the
exponential factor in H, (r) we get

Hy(r) = G(T‘)(u’i.srlwi‘n ‘e Waty ol sr) (A13)

where W, W, contains only boson creation or annihilation operators respectively:
L
We = exp iq/ de by (x)No(x)
a

L
W, = exp [iq/o d:z-h;F(a:)Ni(x)] (Al4)
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with

hale) =7 5 7 £ (p) (A15)

Ep>0

and the density operator are: N, (z) = (1/L) Y, .0 2+ (p)e™?". From these defi-
nitions:

(V1 spl(Wr) ™! = (¥4 op and (W) g se) = %5 gp)- (Al6)

Therefore the last factor in the right-hand side of equation (Al13) can be easily
evaluated:

("’b:E,SFITpi,rWCWA Yy ol¥s sF)
= (W”:{:,SF”(MIC)—lwl,r‘VC][M;ATLE,D(HJA)—W]w:{:,SF>
= e RO, ooy s ol¥s s )
= constant r~9/7eFiFer/T (A17)

where in the latter two equalities we have used [17]

(We) 1wl We = emitheriu]

T

Wyth, o( Wy) ™' = e_iqhﬂm*f’i:,o (AIB)

and the asymptotic form of the free electron density matrix on the two different
branches:

(¢¢,5Fl¢l,r¢i,o|¢i,sﬂ — eFiker (A19)

Collecting the results (Al4), (A15) and (A17} and inserting them into the expression
for C.(q) (A9) we obtain the final result for C'.(q) as quoted in the text (equa-
tion (3.9)).

Appendix B

In this appendix we sketch the calculation of the charge part of the quasiparticle
weight equations (5.2) and (5.3) at linite doping. The matrix element which has to
be evaluated, is

(codsr = (bgr 'leol ) (B1)

where the states |£%) are the spinless fermion states entering the Bethe ansatz solu-
tion (2.2) for the ground state of NV electrons in the U — oo Hubbard model. The ex-
act wavevectors characterjzing the spinless fermion states are shown in equations (2.3)
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and (2.4). By writing the annihilation operator at the origin ¢, in momentum space
and using the orbitals defined by equation (2.3), we get

<co>5F=% ST (-1l e, (B2)
j==2n-1

the state |9{E), is the Slater determinant built with the plane waves defined by
equation (2.3) where the j, orbital of the hole has been removed. Therefore the
calculation of the charge matrix element is reduced to the evaluation of the overlap
between two Slater determinants. Following [10] the overlap can be expressed as the
determinant of a (4n 4 1) x (4n 4 1) matrix:

B(fﬂ:lfexp 27— 14 6)r) = (1-e™9) 1—exp(2—’f£(j—l+6) N
34 L L L

=0

(B3)

where the phase shift § = ; —n/(4n + 1) — I and the indices run in the intervals
j€efl-2n-1,2n] (but j # j,) and ! € [-2n,2n}. In order to proceed in the
evaluation of the determinant of the matrix BU») it is convenient to restrict the
analysis to the low density limit N/L <« 1 where the calculation can be performed
exactly. It is known that the form (but not the prefactor) of the leading singularity
is independent of density and therefore our result is actually more general than
this derivation might suggest. By cxpanding to leading order the cxponential in the
denominator of equation (B3) we find

; inwé 1
¢ BUR) = (_1}" sin T I
det B (=1)" det [‘T ~TTTE (B4)
In order to evaluate {co)gp it iS useful to introduce an auxiliary Hilbert matrix of
dimensions (4n + 2) x (4n + 2)
sin wé 1
Hyu= [——‘rm}

where now both indices belong to the interval [—2n — 1,2%].
The formal solution of the Wiener-Hopf problem defined by the matrix (BS)

(B5)

Hjjop=6; 2,1 (B6)
can be obtained by Cramer’s rule:
(—1)* =
;= ——dmf— det B{J) (87)

which relates the quantity of interest (det B'/)) to the solution of the linear equa-
tion (B6) (z;). Substituting this result into cquation (B2) we arrive at a compact
expression for the charge matrix element:

(o)sr = (;,1%“ detH Y = (BS)

jiz==2%n—~1
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The evaluvation of the determinant of the Hilbert matrix /A is straightforward [21]
and gives for large N =4n + 2:

det H - AN-%" . N1/16 (B9)
where the prefactor A is given by
In A= -6%14)+ iz In(1- 5—2) + 5—2] ~—0.10101 (B10)
=1 2 & .

and ~ ~ 0.5772 is the Euler constant. This calculation does not exhaust the evalua-
tion of the charge matrix element because an important contribution also comes from
the sum in equation (B8). The sum can be estimated noting that, from the definition
(B6),

2y = Hjlsny (B11)

and the inverse of a Hilbert matrix can be explicitly evaluated [23]). The problem is
then reduced to the calculation of the finite sum:

o _ (N +6) I“(p+o)r‘(N p—&)
> ”"J"(N—nzr(a)z N-1-pi - &2

i=—-2n~1

Using the integral representation of Euler’s gamma function

o0
F(z):f dte™'t* ! B13)
0
(valid for z > 0) the sum can be performed analyticaily with the result
I P(p+ 6N - p—6) g6~
= R r(1-6 14
Z o)) L e b =rera-e. e

Coliecting all terms together, the large-/V asymptotic behaviour of the charge matrix
element is

(caop — & \})

where 6 = } and the prefactor A ~ 0.9039 in the low density limit. Notice that
an important contribution (~ N%) to {c,)sp comes from the term in equation (B12)
showing that the evaluation of the charge matrix element cannot be reduced to the
term in equation (BS) which represents the overlap between two Slater determi-
nants built with the orbitals (2.3) and (2.4), contrary to what is often claimed in the
literature,

Al(1 - §)NE-9" (B15)
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